We consider oscillatory singular integral operators with real-analytic phases. The uniform boundedness from H^ -» L 1 of such operators is proved, where H^ is a variant of the standard Hardy space H 1 . The result is false for general C°° phases. This work is a continuation of earlier work by Phong and Stein (on bilinear phases) and the author (on polynomial phases).
Ricci and Stein considered oscillatory singular integral operators with polynomial phases. They showed that such operators are bounded on IP for 1 < p < oo, and the bound for the operator norm depends only on the degree of the polynomial, not its coefficients ( [9] ). In [1] , Chanillo and Christ proved that such operators are of weak-type (1, 1) .
In an earlier paper, we extended Phong-Stein's H ι theory for operators with bilinear phases to operators with polynomial phases. Let x,y G M n , K(x,y) be a Calderόn-Zygmund kernel, P(x,y) be a real-valued polynomial in x and y. Define T: ( 
1.1)
Tf(x) = p. v. jf n e iP^K (x, y)f(y)dy.
The following theorem is proved in [4] . [8] ).
The H 1 boundedness for operators with general translation invariant phase functions was considered in [7] . But, the problem seems to be considerably harder if the phase functions are not assumed to be of the form Φ(x -y). In this paper, we consider oscillatory singular integrals with real-analytic (non-convolution type) phase functions and we shall restrict our attention to dimension one. Let x,y G R, φ{x,y) € CQ°(R X R), and Φ(x,y) be real-analytic on supp(^). For λ G R, we define Γ λ :
where k(x,y) is a Calderόn-Zygmund kernel, i.e. k(x,y) is C 1 away from {(x, y) \ x -?/}, and satisfies (1.3) \k{x,y)\ < A\x-y\~ι, \Vk(x,y)\ < A\x -y\~2, for some A > 0; (1.4) The operator / -> ί k(x, y)f(y)dy extends as a bounded operator on L 2 (R).
The uniform boundedness of T\ on IP is obtained in [6] . The fact that T\ are uniformly bounded from
is proved in [5] . For fixed λ and Φ, let E = (λ,Φ). A function a(x) is called an Hβ atom if there is an interval I C R, which is centered at x/, such that (1.5) supp(α) C /;
(1-6) Halloo < pj; The result in [4] implies that Theorem B holds if Φ is a polynomial. It should be pointed out that the theorem becomes false if the phase function is assumed to be merely smooth (see Section 4). 
Some preliminary estimates. Let
Then, there is a constant C > 0 such that
for λel, t G /. The constant C is independent of λ and t.
Proof Since k(x, y) is smooth away from the diagonal Δ = {x = y}, we may assume that the support of φ(x, y) is contained in a small square which is centered at a certain point in Δ (by a partition of unity, if necessary). Without loss of generality, we may assume that φ(x, y) is supported in a small square centered at the origin.
For fixed ί 0? h £ I, the uniform boundedness of ||T λ>ίo ||2,2 in λ is proved in [6] for \t -to I < d. A quick examination of the proof of Theorem 2 in [6] shows that (2.3) holds uniformly in λ G R, t G (ίo -d, ί 0 + d).
II(a): Suppose that the function d 2 Φ(x,y,t)/dxdy is not identically zero. Then, there exists a positive integer m, such that where F(x, y, ί 0 ) is not identically zero. We let Φ(rr, y, t) = ζ QΓ F(u, v, ί)dv) A* and write
for suitable functions W\ and W 2 . The desired result now follows from the arguments in case I. The constant C is independent of λ and t.
II(b): Suppose that the function d 2 Φ(x,y,t)/dxdy is identically
We begin by describing and proving several facts, and once this is done we will be ready to prove Lemma 3.1. 
The constant A ε is independent of the coefficients {%}. •/JR.
Assume that
for some constant C o Then there is a constant C > 0 such that
J\x\>2δ
The constant C may depend on C o and dep(P), but is independent of the coefficients of P.
Proof We use induction on deg(P). Since a similar argument was used in [4] , we shall present a sketch of the proof only (see also the proof of Proposition 3.6).
For deg(P) = 0, (3.11) follows from (3.10). Assume that (3.11) holds for deg(P) < k -1, i.e. where M > 0, C is independent of λ and ί. In view of (3.17) and the fact that supp(T λίί α) C /, we may assume that δ is extremely small throughout the proof. Without loss of generality, we will also assume that d is small (see section 4).
We now use induction on m to prove (3.15 bo(y,t) ,... , δι-i(y, i) and c(x, y, ί), which are smooth in a neighborhood of (0,0, ίo)> such that For fixed y, by Lemma 3.3, we find
(3.30) and (3.31) implies that . By Holder's inequality, we find By (3.17), (3.24) and (3.34), the proposition is proved. D
We are now ready to prove Lemma 3.1.
Proof. We use ideas that are similar to those used in the proof of Proposition 3.6.
If d 2 Φ(x, y, t)/dxdy is identically zero, we have
By Φ(0,ί/,ί) = 0, we find that W 2 (y,t) = -Wi(0,ί), and (3.1) follows from standard argument. Now we assume that d 2 Φ(x, y, t)/dxdy is not identically zero, and write
where 9 2 Φ(α;, y, t o )/dxdy is not identically zero (see (2.8) and (2.9)). Define Pj by
Then, the kernel of PjPf is given by for x,y G /, t being close to to, and \c(x,y, z,t)\ > c 0 > 0 (see also the argument in the proof of Proposition 3.6). By taking ε = k/2l(k + 1) in (3.37) and using (3.38) We observe that Φ(0,y,ί) = 0 and a o (x) satisfies (3.2)-(3.4). By Lemma 3.1, there is a constant C > 0, which is independent of λ, xι and δ such that holds. It should be noted that the dependence of k t and φ t on t does not cause any trouble here. The proof is now complete.
REMARK.
Theorem B becomes false if the assumption on the real-analyticity of Φ is dropped. This can be shown by using a C°° function constructed by Nagel and Wainger in [3] . We also refer the reader to [7] , where the same issue in the translation invariant case was discussed. The phase function Φ(x -y) used in [7] (where Φ is the function due to Nagel and Wainger) cannot be used in the current situation. But, if we replace Φ(x -y) by Φ'(x)Φ(x -?/), then the argument in [7, p. 290] can be adapted to show that Theorem B cannot hold for general C°° phase functions.
